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Abstract
The isometries of AdS5 space and supersymmetric AdS5 ⊗ S1 space are non-
linearly realized on four dimensional Minkowski space. The resultant effective
actions in terms of the Nambu-Goldstone modes are constructed. The dilatonic
mode governing the motion of the Minkowski space probe brane into the co-
volume of supersymmetric AdS5 space is found to be unstable and the bulk of
the AdS5 space is unable to sustain the brane. No such instablility appears in
the non-supersymmetric case.
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1 Introduction
In recent years, there has been a resurgence of interest in conformal field theories
fueled by a deeper understanding of properties of supersymmetric (SUSY) gauge the-
ories. This is particularly the case concerning their connection with theories defined
in Anti-de Sitter (AdS) space[1]-[2]. AdS5 space is defined to be the hyperboloid
satisfying the equation
1
m2
= (X0)2 − (X1)2 − (X2)2 − (X3)2 − (X4)2 + (X5)2 (1.1)
which is embedded in a 6-dimensional space with invariant interval
ds2 = dXMηˆMNdX
N ; M,N = 0, 1, 2, 3, 4, 5 (1.2)
and metric tensor ηˆMN with signature (−1,+1,+1,+1,+1,−1). The isometry group
of the hyperboloid is SO(4, 2) whose generators, MˆMN = −MˆNM satisfy the algebra:
[MˆMN , MˆLR] = i(ηˆMLMˆNR − ηˆMRMˆNL − ηˆNLMˆMR + ηˆNRMˆNL) (1.3)
Alternatively (pseudo-) translation generators can be defined as
PˆM = mMˆ5M ; M = 0, 1, 2, 3, 4 (1.4)
so that the SO(4, 2) algebra takes the form
[MˆMN , MˆLR] = i(ηMLMˆNR − ηMRMˆNL − ηNLMˆMR + ηNRMˆML)
[MˆMN , PˆL] = i(ηMLPˆN − ηNLPˆM)
[PˆM , PˆN ] = −im2MˆMN (1.5)
where ηMN is the 5-dimensional Minkowski space metric with
signature (−1,+1,+1,+1,+1). Note that in the limit m2 → 0, this reduces to the
Poincare´ algebra of 5-dimensional Minkowski space (M5).
The nonlinear realization of this isometry group which encapsulates the long wave-
length dynamical constraints imposed by the spontaneous symmetry breaking when
an AdS4 space is embedded in AdS5 space was previously constructed[3]. Using coset
2
methods[4]-[5], an SO(4, 2) invariant action in terms of the Nambu-Goldstone modes,
φ and vµ , µ = 0, 1, 2, 3 associated with the spontaneously broken generators Pˆ4 and
Mˆµ4 respectively was secured as
S = −σ
∫
d4x (det e)
= −σ
∫
ddx (det e¯) [cosh(mφ)]4[cos(
√
v2) + vν
sin(
√
v2)√
v2cosh(mφ)
Dνφ] (1.6)
where σ is the AdS4 brane tension. Here
e¯ν
µ(x) =
sinh(
√
m2x2)√
m2x2
P µ⊥ ν(x) + P
µ
‖ ν(x) (1.7)
is the AdS4 vielbein and Dµ = e¯−1 νµ ∂ν is the AdS covariant derivative while
PT µν(x) = ηµν − xµxν
x2
PL µν(x) =
xµxν
x2
(1.8)
are transverse and longitudinal projectors respectively.
Since this action is independent of ∂µv, v
µ can be eliminated via its field equation
vν
tan(
√
v2)√
v2
= ηµν
Dνφ
cosh(mφ)
(1.9)
and the SO(4, 2) invariant action can be recast as
S = −σ
∫
d4x (det e¯) [cosh(mφ)]4
√
1 +
DµφηµνDνφ
cosh2(mφ)
. (1.10)
Note that the Nambu-Goldstone mode, φ, contains a mass term with m2φ = 4m
2 as
well as non-derivative interactions. The action constitutes an AdS generalization of
the Nambu-Goto action:
SNG = −σ
∫
d4x
√
1 + (∂µφ)2 . (1.11)
Using the factorized form of the AdS5 vielbein, along with v
µ field equation, the
invariant interval for AdS5 space reads
ds2 = e2A(φ)dxµdxνηρµe¯νρ(x) + (dφ(x))
2 (1.12)
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with warp factor A(φ) = ℓn[cosh(mφ)]. This allows the identification of the Nambu-
Goldstone mode φ with the covolume coordinate describing the motion of the AdS4
brane into the remainder of the AdS5 space.
In this paper, we construct the nonlinear realization of the AdS5 and SUSY
AdS5 ⊗ S1 isometry groups on an embedded four dimensional Minkowski space. The
supersymmetric case turns out to be particulary interesting. Here it is found that the
Nambu-Goldstone boson describing the motion of the inserted Minkowski space probe
brane into the remainder of the AdS5 space exhibits an instability which drives the
probe brane to −∞. Alternatively, this result can be interpreted as the incompatibilty
of simultaneous nonlinear realizations of both scale symmetry and supersymmetry or
the nonviability of the spectrum containing both the dilaton of spontaneously broken
scale symmetry and the Goldstino of spontaneously broken supersymmetry. On the
other hand, no such unstable behavior arises when the M4 probe brane is inserted
into non-supersymmetric AdS5 space.
2 Four dimensional Minkowski space probe brane
in AdS5 space
To study the case of the 4-dimensional Minkowski space probe brane in AdS5 space,
it proves useful to introduce the AdS5 coordinates:
Xµ = emx4xµ
X4 =
1
m
[sinh(mx4)− m
2x2
2
emx4 ]
X5 =
1
m
[cosh(mx4) +
m2x2
2
emx4 ] (2.1)
which parametrize the hyperboloid and in terms of which the AdS5 space invariant
interval takes the form:
ds2 = e2mx4dxµηµνdx
ν + (dx4)
2 . (2.2)
Inserting the Minkowski space probe brane at x4 = 0, the broken generators are
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identified as Pˆ 4 ≡ mD , Mˆµ4 ≡ mKµ. Defining
P µ = Pˆ µ +mMˆµ4
Mµν = Mˆµν (2.3)
the SO(4, 2) algebra, Eq. (1.5), takes the form
[P µ, P ν] = 0 ; [Mµν , P λ] = i(ηµλP ν − ηνλP µ)
[Mµν ,Mλρ] = i(ηµλMνρ − ηµρMνλ − ηνλMµρ + ηνρMµλ)
[Kµ,Kν ] = i
m2
Mµν ; [Mµν ,Kλ] = i(ηµλKν − ηνλKµ)
[P µ,Kν ] = −i(ηµνD −Mµν)
[D,P µ] = iP µ ; [D,Kµ] = i
m2
(P µ −m2Kµ) ; [D,Mµν ] = 0 . (2.4)
Note that Mµν and P µ form a Poincare´ algebra, while the generators Kµ,Mµν con-
stitute an SO(3, 2) subalgebra[6]-[8].
A model independent way of encapsulating the long wavelength dynamical con-
straints imposed by spontaneous symmetry breakdown is to realize this SO(4, 2)
isometry nonlinearly on the Nambu-Goldstone bosons consisting of the dilaton, ϕ,
associated with the broken symmetry generator D and vµ associated with the Kµ
spontaneously broken generators. Since the spontaneously broken symmetries are
space-time symmetries, the motion in the coset space is accompanied by a motion in
space-time. Thus we consider the product of a space-time translation group element
with the coset group element and define the group element:
Ω = e−ix
µPµeiϕDe−iv
µKµ . (2.5)
To extract the total variations of the coset coordinates and the corresponding trans-
formation of the space-time point, consider the product gΩ with g a general group
element parametrized by real infinitesimal constants. An explicit calculation then
gives
gΩ(x, φ(x), v(x)) = Ω(x′, ϕ′(x′), v′(x′))h(θ) (2.6)
with h = e
i
2
θµν(x)Mµν an element of the unbroken (stability) group. So doing, allows
the extraction of the forms of x′ , ϕ′(x′) , vµ ′(x′) , θµν(x)[7]-[8].
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To construct SO(4, 2) invariants, it is useful to define the algebra valued Maurer-
Cartan 1-form Ω−1dΩ which, using Eq. (2.6), is seen to have the simple transformation
property
(Ω−1dΩ)′(x′) = [h(Ω−1dΩ)h−1](x) + (hdh−1)(x) (2.7)
Expanding the Maurer-Cartan form in terms of the generators as
Ω−1dΩ(x) = i[−ωµP (x)Pµ + ωD(x)D − ωµK(x)Kµ +
1
2
ωµνM (x)Mµν ] (2.8)
and exploiting the SO(4, 2) algebra along with liberal application of the Baker-
Campbell-Haussdorff formula, the various 1-form coefficients
ωµP (x) = dx
νe µν , ωD(x) , ω
µ
K(x) , ω
µν
M are secured. Here
e νµ = e
ϕ[P ν⊥µ(v) + P
ν
‖µ(v)cos(
√
m2/v2)]− ∂µϕvν
sin(
√
m2/v2)√
m2/v2
(2.9)
is the AdS5 vielbein.
Again using the SO(4, 2) algebra, this time in the above transformation law (2.7),
leads to the invariant combination
d4x′ det e′ = d4x det e . (2.10)
Thus an SO(4, 2) invariant action is constructed as
S = −σ
∫
d4x det e
= −σ
∫
d4xe4ϕ[cos(
√
m2v2)− e−ϕ∂µϕvµ
sin(
√
m2/v2)√
m2/v2
] (2.11)
with σ the Minkowski probe brane tension. As previously, the vµ Nambu-Goldstone
field is not an independent dynamical degree of freedom and it can be eliminated
using its field equation
vµ
tan(
√
m2/v2)√
m2/v2
= −e−ϕηµν∂νϕ . (2.12)
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Substituting back then produces the action
S = −σ
∫
d4xe4ϕ
√
1 +
1
m2
e−2ϕ∂µϕηµν∂νϕ . (2.13)
After using the vµ field equation, the invariant interval
ds2 = dxµe λµ ηλρe
ρ
ν dx
ν
= e2ϕdxµηµνdx
ν +
1
m2
(dϕ)2 (2.14)
is seen to have the same form as the AdS5 invariant interval obtained previously after
identification ϕ ⇔ 1
m
x4. Thus the dilaton dynamics describes motion of the brane
into the rest of AdS5 space
In the above construction, we have chosen a particular combination of the broken
generators, referred to as the maximal solvable subgroup basis or parametrization[6],
whose nonlinear realization on the Nambu-Goldstone modes has the attractive feature
of directly relating the Nambu-Goldstone dilaton to the motion of the brane into the
rest of AdS5 space. An alternate choice of broken generators is given by
Kµ =
1
m2
Pˆ µ − 1
m
Mˆµ4 =
1
m2
(P µ − 2m2Kµ) . (2.15)
This choice leads to the 4-dimensional conformal algebra
[P µ, P ν] = 0 ; [Mµν , P λ] = i(ηµλP ν − ηνλP µ)
[Mµν ,Mλρ] = i(ηµλMνρ − ηµρMνλ − ηνλMµρ + ηνρMµλ)
[Kµ, Kν ] = 0 ; [Mµν , Kλ] = i(ηµλKν − ηνλKµ)
[P µ, Kν ] = 2i(ηµνD −Mµν)
[D,P µ] = iP µ ; [D,Kµ] = −iKµ ; [D,Mµν ] = 0 . (2.16)
Since the generators Kµ and Kµ differ only by the unbroken translation generator
P µ, it follows that the action (2.13) is also invariant under 4-dimensional conformal
transformations. Moreover, one can subtract the invariant action piece σ
∫
ddxeϕd
ensuring a zero vacuum energy and thus producing the conformally invariant action
S = −σ
∫
ddxeϕd[
√
1 +
1
m2
e−2ϕ∂µηµνϕ∂µϕ− 1] . (2.17)
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Note that the leading term in a momentuum expansion is simply
S = −σ
∫
ddxe2ϕ∂µϕη
µν∂µϕ (2.18)
which is the familiar result.
3 Four dimensional Minkowski space probe brane
in SUSY AdS5 ⊗ S1 space
The supersymmetric AdS5⊗S1 isometry algebra includes the generators MˆMN , PˆM ;
M,N = 0, 1, 2, 3, of the SO(4, 2) isometry algebra, the SUSY fermionic charges
Qa, Q¯b ; a, b = 1, 2, 3, 4 and the R charge which is the generator of the U(1) isometry
of S1. This SU(2, 2|1) isometry algegra[9]-[10] is
[MˆMN , MˆLR] = i(ηMLMˆNR − ηMRMˆNL − ηNLMˆMR + ηNRMˆML)
[MˆMN , PˆL] = i(ηMLPˆN − ηNLPˆM)
[PˆM , PˆN ] = −im2MˆMN
[MˆMN ,Qa] = −1
2
(ΣMNQ)a ; [MˆMN , Q¯a] = 1
2
(Q¯ΣMN )a
[PˆM ,Qa] = −m
2
(ΓµQ)a ; [PˆM , Q¯a] = m
2
(Q¯ΓM)a
[R,Qa] = Qa ; [R, Q¯a] = −Q¯a
{Qa, Q¯b} = 2(ΓMab PˆM −
m
2
ΣMNab MˆMN −
3
2
mδabR) (3.1)
where the five dimensional 4× 4 matrices ΓM satisfy the Clifford algebra
{ΓM ,ΓN} = −2ηMN (3.2)
and the spin matrices are
ΣMN =
i
2
[ΓM ,ΓN ] = −ΣNM . (3.3)
We choose
ΓM =
{ γµ ; M = µ = 0, 1, 2, 3
iγ5 ; M = 4
(3.4)
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and use a Weyl representation for the γ matrices so that
γµ =
( 0 σµαα˙
σ¯µ α˙α 0
)
; α, α˙ = 1, 2 ; γ4 =
( −i 0
0 i
)
(3.5)
Σµν =
( σµν βα 0
0 σ¯µν α˙
β˙
)
; Σµ4 =
( 0 −σµαα˙
σ¯µ α˙α 0
)
= −Σ4µ . (3.6)
Embedding a four dimensional Minkowski space (M4) probe brane at x
4 = 0
breaks the space-time symmetries generated by Pˆ 4 ≡ mD and Mˆµ4 ≡ mKµ, as well
as the supersymmetries generated by Qa, ; Q¯a and the R symmetry. Defining
P µ = Pˆ µ +mMˆµ4 and
Qa =
( Qα
−imS¯α˙
)
; Q¯a =
(
imSα, Q¯α˙
)
(3.7)
the resultant algebra is the SUSY extension of the P µ,Mµν , D,Kµ algebra given in
Eq. (2.4) and reads
[P µ, P ν] = 0 ; [Mµν , P λ] = i(ηµλP ν − ηνλP µ)
[Mµν ,Mλρ] = i(ηµλMνρ − ηµρMνλ − ηνλMµρ + ηνρMµλ)
[Kµ,Kν ] = i
m2
Mµν ; [Mµν ,Kλ] = i(ηµλKν − ηνλKµ)
[P µ,Kν ] = −i(ηµνD −Mµν) ; [D,P µ] = iP µ
[D,Kµ] = i
m2
(P µ −m2Kµ) ; [D,Mµν ] = 0
[R,P µ] = 0 ; [R,Kµ] = 0 ; [R,Mµν ] = 0
{Qα, Qβ} = 0 ; {Q¯α˙, Q¯β˙} = 0
{Sα, Sβ} = 0 ; {S¯α˙, S¯β˙} = 0
{Qα, Q¯α˙} = 2σµαα˙Pµ ; {Sα, S¯α˙} =
2
m2
σµαα˙(Pµ − 2m2Kµ)
{Qα, Sβ} = i(σµναβMµν + 2iǫαβD + 3ǫαβR)
{Q¯α˙, S¯β˙} = −i(σ¯µνα˙β˙Mµν − 2iǫα˙β˙D + 3ǫα˙β˙R)
{Qα, S¯α˙} = 0 ; {Sα, Q¯α˙} = 0
[P µ, Qα] = 0 ; [P
µ, Q¯α˙] = 0
[P µ, Sα] = iσ
µ
αα˙Q¯
α˙ ; [P µ, S¯α˙] = iQ
ασµαα˙
9
[Mµν , Qα] = −1
2
σµνα
βQβ ; [M
µν , Q¯α˙] = −1
2
σ¯µν
α˙β˙
Q¯β˙
[Mµν , Sα] = −1
2
σµν α
βSβ ; [M
µν , S¯α˙] = −1
2
σ¯µν α˙β˙S¯
β˙
[R,Qα] = Qα ; [R, Q¯α˙] = −Q¯α˙ ;
[R, Sα] = −Sα ; [R, S¯α˙] = S¯α˙
[D,Qα] =
i
2
Qα ; [D, Q¯α˙] =
i
2
Q¯α˙
[D,Sα] = − i
2
Sα ; [D, S¯α˙] = − i
2
S¯α˙
[Kµ, Qα] = − i
2
σµαα˙S¯
α˙ ; [Kµ, Q¯α˙] = − i
2
Sασµαα˙
[Kµ, Sα] = i
2m2
σµαα˙Q¯
α˙ ; [Kµ, S¯α˙] = i
2m2
Qασµαα˙ . (3.8)
Using coset methods, we nonlinearly realize this SU(2, 2|1) isometry algebra of
the super-AdS5⊗S1 space on the Nambu-Goldstone modes of the broken symmetries.
These are the dilaton, ϕ, and vµ associated withD and Kµ respectively, the Goldstinos
λα , λ¯α˙ and λSα , λ¯Sα˙ of the spontaneously broken supersymmetries, Qα, Q¯α˙, Sα, S¯α˙,
and the R axion a. Note that all the supersymmetries have been broken and there is
no residual unbroken SUSY. The Nambu-Goldstone modes, vµ, associated with the
broken symmetries generated by Kµ and the Goldstinos λSα ; λ¯Sα˙ associated with the
supersymmetries Sα, S¯α˙ are not independent dynamical degrees of freedom but are
instead given in terms of the dilaton, ϕ, the Goldstinos, λα , λ¯α˙ and the R axion,
a. Nonetheless, it is still necessary to include them as auxiliary fields in the coset
construction of the SU(2, 2|1) invariant action. To implement this construction, we
define the product of a space-time translation and coset group elements by
Ω = e−ix
µPµei[λ
α(x)Qα+λ¯α˙Q¯
α˙]eiϕDeiaRei[λ
α
S
(x)Sα+λ¯S¯α˙S¯
α˙]e−iv
µKµ . (3.9)
The covariant building blocks out of which an invariant action can be constructed
are secured using the Maurer-Cartan one-form Ω−1dΩ, where d = dxµ∂µ. Expanding
in terms of the SU(2, 2|1) charges via
Ω−1dΩ = i
[
−ωµPµ + ωαQQα + ω¯Q¯α˙Q¯α˙ + ωDD + ωRR
−ωµKKµ + ωαSSα + ω¯S¯α˙S¯α˙ +
1
2
ωµνMMµν
]
, (3.10)
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the individual covariant one-forms are then extracted as
ωµ = ω˜µ + P µ‖ν(v)ω˜
ν
[
cos(
√
v2/m2)− 1
]
− ω˜D v
µ
m2
sin(
√
v2/m2)√
v2/m2
ωD = ω˜D cos(
√
v2/m2)− vνω˜ν
sin(
√
v2/m2)√
v2/m2
ωR = ω˜R
ωαQ = ω˜
α
Q cos (
√
v2/m2
2
) + (¯˜ωS¯σ¯ · v)α
sin(
√
v2/m2
2
)
m2
√
v2/m2
ω¯Q¯α˙ = ¯˜ωQ¯α˙ cos(
√
v2/m2
2
)− (ω˜Sσ · v)α˙
sin(
√
v2/m2
2
)
m2
√
v2/m2
ωαS = ω˜
α
S cos(
√
v2/m2
2
)−
(
¯˜ωQ¯σ¯ · v
)α sin(
√
v2/m2
2
)√
v2/m2
ωS¯α˙ = ¯˜ωS¯α˙ cos(
√
v2/m2
2
) + (ω˜Qσ · v)α˙
sin(
√
v2/m2
2
)√
v2/m2
ωµK = dv
µ + ω˜µK +
[
cos(
√
v2/m2)− 1
]
P µ⊥ ν(v)ω˜
ν
K
+

sin(
√
v2/m2)√
v2/m2
− 1

P µ⊥ν(v)dvν
+m2
[
cos(
√
v2/m2)− 1
] [
P µ⊥ν(v)ω˜
ν − P µ‖ν(v)ω˜ν
]
+ω˜Dv
µ
sin(
√
v2/m2)√
v2/2
− ω˜µνM vν
sin(
√
v2/m2)√
v2/m2
ωµνM = ω˜
µν
M −
[
cos(
√
v2/m2)− 1
] (
vµdvν − vνdvµ
v2
)
−1
2
sin(
√
v2/m2)√
v2/m2
(ω˜µvν − ω˜νvµ)
+
1
2
[
cos(
√
v2/m2)− 1
] (
ω˜µρMP
ν
‖ρ(v)− ω˜νρMP µ‖ρ(v)
)
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− (ω˜µKvν − ω˜νKvµ)
sin(
√
v2/m2)
m2
√
v2/m2
.
(3.11)
Here the one-forms denoted by the ω˜ are defined via the expansion
(
e−i[λ
α
S
(x)Sα+λ¯S¯α˙S¯
α˙]e−iaRe−iϕDe−i[λ
α(x)Qα+λ¯α˙Q¯
α˙]eix
µPµ
)
d
(
e−ix
µPµei[λ
α(x)Qα+λ¯α˙Q¯
α˙]eiϕDeiaRei[λ
α
S
(x)Sα+λ¯S¯α˙S¯
α˙]
)
= i
[
−ω˜µPµ + ω˜αQQα + ¯˜ωQ¯α˙Q¯α˙ + ω˜DD + ω˜RR
−ω˜µKKµ + ω˜αSSα + ¯˜ωS¯α˙S¯α˙ +
1
2
ω˜µνMMµν
]
. (3.12)
which is just the Maurer-Cartan form with vµ = 0. The individual tilded one-forms
then take the form
ω˜µ = dxνA µν e
ϕ
(
1− 1
m2
λ2Sλ¯
2
S
)
+
i
m2
(
λSσ
µdλ¯− dλSσµλ¯S
)
− 2
m2
(λSσ
µλ¯S)da
+
2
m2
eϕ
[
e−iaλ2S(dλσ
µλ¯S¯) + e
+iaλ¯2S¯(λSσ
µdλ¯)
]
ω˜D = dϕ+ 2ie
ϕ−ia(λSdλ)− 2ieϕ+ia(λ¯S¯dλ¯) = ω˜me−ϕ∇˜mϕ
ω˜R = da+ 3e
ϕ
[
e−ia(λSdλ) + e
+ia(λ¯S¯dλ¯)
]
+ 3dxνA µν e
ϕ(λSσmλ¯S¯) ≡ dxµ∇µa
ω˜αQ = e
ϕ
(
e−iadλ− dxµA νµ (λ¯S¯σ¯ν)α
)
¯˜ωQ¯α˙ = e
ϕ
(
e+iadλ¯+ dxµA νµ (λSσν)α˙
)
ω˜αS = dλ
α
S +
1
2
dϕλαS − idaλαS − idxµA νµ eϕ(λSσν λ¯S¯)λαS
+
i
6
(λSσ
τ λ¯S¯)ǫµνρτ (λSσ
µν)αeϕdxλA ρλ − ieϕ[e−iaλSdλ+ 2e+iaλ¯S¯dλ¯]λαS
− i
4
eϕ−ia (dλσµνλS) (λSσµν)
α
12
¯˜ωS¯α˙ = dλ¯S¯α˙ +
1
2
dϕλ¯S¯α˙ + idaλ¯S¯α˙ + idx
µA νµ e
ϕ(λSσνλ¯S¯)λ¯S¯α˙
+
i
6
(λSσ
τ λ¯S¯)ǫµνρτ (λ¯S¯σ¯
µν)α˙e
ϕdxλA ρλ + ie
ϕ[2e−iaλSdλ+ e
+iaλ¯S¯dλ¯]λ¯S¯α˙
+
i
4
eϕ+ia
(
dλ¯σ¯µν λ¯S¯
)
(λ¯S¯σ¯µν)α˙
ω˜µK = 2m
2 (dxνA µν e
ϕ − ω˜µ)
ω˜µνM = e
ϕ
[
2
(
e−iadλσµνλS − e+iadλ¯σ¯µνλ¯S¯
)
+ 2ǫµνρτ (λSσ
τ λ¯S¯)dx
λA ρλ
]
,
(3.13)
where the Akulov-Volkov vierbein is defined as
A νµ =
[
δ νµ + i
(
λσν∂µλ¯− ∂µλσν λ¯
)]
. (3.14)
The vierbein e νµ relates the coordinate differentials dx
µ to the covariant coordinate
differentials ων according to
ων = dxµe νµ . (3.15)
Since the one-form ω˜µ can also act as a basis one-form, one can expand
ωµ = dxνe µν = ω˜
νN µν . (3.16)
where using Eq. (3.11), N µν is extracted as
N µν = δ
µ
ν + [cos(
√
v2/m2)− 1]P µ‖ν (v)− e−ϕ∇˜νϕ
vµ
m2
sin(
√
v2/m2)√
v2/m2
. (3.17)
It is also useful to define the vierbein e˜ νµ as
ω˜µ = dxν e˜ µν . (3.18)
so that
e νµ = e˜
ρ
µ N
ν
ρ . (3.19)
Using the Akulov-Volkov vierbein, A νµ , the ω˜
µ one-form can be expanded as
ω˜µ = dxν e˜ µν = dx
νeϕA ρν T
µ
ρ , (3.20)
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where T µν can be gleaned from Eq. (3.13) as
T µν = δ
µ
ν (1−
1
m2
λ2Sλ¯
2
S¯) +
i
m2
(λSσ
µDνλ¯S¯ −DνλSσµλ¯S)e−ϕ −
2
m2
(λSσ
µλ¯S)Dνae−ϕ
+
2
m2
[
λ2S(Dνλσµλ¯S¯)e−ia + λ¯2S¯(λSσµDνλ¯)e+ia
]
, (3.21)
with Dm = A−1µm ∂µ. Using Eqs. (3.19) and (3.20), the vierbein can be written in a
product form as
e νµ = e
ϕA ρµ T
τ
ρ N
ν
τ . (3.22)
Since d4x det e is invariant and an invariant kinetic energy for the R-axion can
be formed by contracting the covariant derivatives with the vierbein, an SU(2, 2|1)
invariant action is constructed as
S = −σ
∫
d4x det e
(
1 +∇µae−1µρ ηρτe−1ντ ∇νa
)
= −σ
∫
d4xe4ϕ detA detN det T
(
1 + e−2ϕ∇µahµν∇νa
)
, (3.23)
where
hµν = N−1τρ T
−1λ
τ A
−1µ
λ η
ρυN−1κυ T
−1σ
κ A
−1ν
σ . (3.24)
The determinant of N can be then be explicitly evaluated giving
detN = cos(
√
v2/m2)

1 + e−ϕ∇˜µϕ vµ
m2
tan(
√
v2/m2)√
v2/m2

 . (3.25)
Since the action only depends on vµ and not its derivatives, it is not an independent
dynamical degree of freedom. As such it can be eliminated[11] by setting the invariant
one-form ωD to zero. Solving this constraint equation then gives
vµ
tan(
√
v2/m2)√
v2/m2
= −e−ϕ∇˜µϕ. (3.26)
which, in turn, allows us to write
N µν = δ
µ
ν +

 1√
1 + e
−2ϕ
m2
∇˜ρϕηρτ∇˜τϕ
− 1

P µ‖ν (∇˜ϕ)
14
− 1√
1 + e
−2ϕ
m2
∇˜ρϕηρτ∇˜τϕ
e−2ϕ
m2
∇˜νϕ∇˜µϕ. (3.27)
The superconformal Goldstinos, λS and λ¯S¯, are also not independent dynamical de-
grees of freedom but can be expressed in terms of derivatives of the Goldstinos λ and
λ¯, and products of these with the Nambu-Goldstone bosons ϕ and a. The covariant
constraint equation is obtained by setting to zero the fermionic one-forms ωαQ = 0 and
ω¯Q¯α˙ = 0. Combining the various one-forms in (3.11) and (3.13) the solution to these
covariant constraints begin as
λαS = −
1
4
(σµ∂µλ¯)
α + · · ·
λ¯S¯α˙ = −
1
4
(∂µλσ
µ)α˙ + · · · . (3.28)
Substituting the above expression for N µν , the invariant action then takes the
form
S = −σ
∫
d4xe4ϕ detA det T
√
1 +
e−2ϕ
m2
∇˜µϕηµν∇˜νϕ
(
1 + e−2ϕ∇µahµν∇νa
)
.
(3.29)
The action is an invariant synthesis of Akulov-Volkov and Nambu-Goto actions. Note
that the pure dilatonic part of the action (obtained by setting the Goldstinos and a
to zero so that A νµ = T
ν
µ = δ
ν
µ) reproduces the previous action, Eq. (2.13), of
the Minkowski space M4 probe brane in AdS5 without SUSY. As such, the dilaton
describes the motion of the probe brane into the rest of the AdS5 space. However,
in this case, because of the spontaneous breakdown of the complete SUSY, there is
no invariant that can be added to the action to cancel the vacuum energy as one
was able to achieve in the non-supersymmetric Minkowski space probe brane case
(c.f. Eq. (2.17)). It follows that the dilaton dynamics feels an e4ϕ potential. This
contains a destabilizing term linear in ϕ which drives the dilaton field ϕ → −∞.
Since the dilaton describes the motion of the probe Minkowski M4 brane into the
remainder of AdS5 space, it follows that the Minkowski space brane is driven to
infinite boundary of AdS5 space and the interior of the AdS5 space cannot sustain
the brane. Alternatively expressed, the spectrum cannot include both the Goldstino
and the dilaton as Nambu-Goldstone modes.
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An alternate combination of broken generators Kµ = 1
m2
(Pˆ µ − 2m2Kµ) can also
be defined. This leads to the 4-d superconformal algebra
[P µ, P ν] = 0 ; [Kµ, Kν ] = 0 ; [P µ, Kν ] = 2i(ηµνD −Mµν)
[D,P µ] = iP µ ; [D,Kµ] = −iKµ ; [D,Mµν ] = 0
[Mµν , P λ] = i(ηµλP ν − ηνλP µ) ; [Mµν , Kλ] = i(ηµλKν − ηνλKµ)
[Mµν ,Mλρ] = i(ηµλMνρ − ηµρMνλ − ηνλMµρ + ηνρMµλ)
[R,P µ] = 0 ; [R,Kµ] = 0 ; [R,Mµν ] = 0
[P µ, Qα] = 0 ; [P
µ, Q¯α˙] = 0
{Qα, Q¯α˙} = 2σµαα˙Pµ ; {Sα, S¯α˙} = 2σµαα˙Kµ
{Qα, Qβ} = 0 ; {Q¯α˙, Q¯β˙} = 0
[Mµν , Qα] = −1
2
σµν α
βQβ ; [M
µν , Q¯α˙] = −1
2
σ¯µν α˙β˙Q¯
β˙
[R,Qα] = Qα ; [R, Q¯α˙] = −Q¯α˙
[D,Qα] =
i
2
Qα ; [D, Q¯α˙] =
i
2
Q¯α˙
[R, Sα] = −Sα ; [R, S¯α˙] = S¯α˙
[D,Sα] = − i
2
Sα ; [D, S¯α˙] = − i
2
S¯α˙
[Kµ, Qα] = iσ
µ
αα˙S¯
α˙ ; [Kµ, Q¯α˙] = iS
ασµαα˙
[P µ, Sα] = iσ
µ
αα˙Q¯
α˙ ; [P µ, S¯α˙] = iQ
ασµαα˙
[Mµν , Sα] = −1
2
σµν α
βSβ ; [M
µν , S¯α˙] = −1
2
σ¯µν α˙β˙S¯
β˙
[Kµ, Sα] = 0 ; [K
µ, S¯α˙] = 0
{Qα, Sβ} = i(σµναβMµν + 2iǫαβD + 3ǫαβR)
{Q¯α˙, S¯β˙} = −i(σ¯µνα˙β˙Mµν − 2iǫα˙β˙D + 3ǫα˙β˙R)
{Qα, S¯α˙} = 0 ; {Sα, Q¯α˙} = 0 ; {Sα, Sβ} = 0 ; {S¯α˙, S¯β˙} = 0 . (3.30)
The spontaneously broken symmetries are R, dilatations (D), special conformal
(Kµ), SUSY (Qα , Q¯α˙) and SUSY conformal (Sα , S¯α˙). Since the generators K
µ and
Kµ differ only by unbroken translation generator P µ, the action (3.29) is invariant
under superconformal transformations. The leading terms in a momentum expansion
are just
S = −σ
∫
d4x{e4ϕ det A− 1
2
det A e2ϕDµϕηµνDνϕ
− 1
2
det A e2ϕDµaηµνDνa} . (3.31)
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Once again the potential for the dilaton ϕ is unstable and there is an incompatibility
of simultaneous nonlinear realizations of SUSY and scale symmetry in Minkowski
space[12]. Note that the origin of this unusual behavior is not simply a consequence
of the introduction of a scale due the spontaneously broken SUSY. It has been shown
that there is no incompatibility in securing simultaneous nonlinear realization of spon-
taneously broken scale and chiral symmetries[13] where a scale is also introduced. In
that case, the spectrum of the effective Lagrangian admits both a pion and a dilaton.
This was supported in part by the U.S. Department of Energy under grant DE-
FG02-91ER40681 (Task B). TEC thanks Muneto Nitta and Tonnis ter Veldhuis for
numerous insightful discussions.
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